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Abstracts 
We describe formally the precession of spin vector about the k-space effective magnetic field in 
condensed matter system with spin orbital effects as constituting a local transformation of the 
electron wavefunction which necessarily invokes the SU(2) transformation rule to ensure 
covariance.  We showed a “no-precession” condition as pre-requisite for the spin gauge field to 
exert its influence on spin particle motion.  The effects of the spin gauge field on spin particle 
motion were shown to be consistent in both classical and quantum pictures, which hence should 
underpin theoretical explanations for important effects in anomalous Hall, spin Hall, spin torque, 
optical Magnus, geometric quantum computation.  
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The non-Abelian gauge theory [1,2] based on the Yang-Mills isotopic spin rotation has been 
developed under SU(3) symmetry to formally describe gauge particle interaction in quantum 
chromodynamics. Interestingly, the mathematical formalism of Yang-Mills can also be linked to 
phenomena in the technology relevant areas [3-5] of spintronics, optics, and quantum 
computation.  Following the description of anomalous Hall [6,7], spin Hall [8,9], spin torque 
[10,11], optical Magnus[12], geometric quantum computation [13,14] by gauge theory and 
Berry’s curvature, it has been of interest lately to develop the theoretical framework, compatible 
with the original work of Yang and Mills, for a proper description of these phenomena.  In this 
article, we focus on the spin orbital effects in condensed matter system, where electron 
wavefunction transforms locally, under a covariant formalism in the non-relativistic limit.  Specific 
spintronics condensed matter system considered here includes the two-dimensional-electron-gas 
(2DEG) where under time-reversal invariance airisng due to the structural-inversion asymmetry at 
the semiconductor interfaces, the so-called Rashba [15,16] or Dresselhaus [17,18] spin orbital 
effects have been studied rather extensively for possible technological application in spintronics 
eg. in spin Hall and spin transistor.  
 
In a system with external electric (E) fields, according to Dirac’s equation [19] in the non-
relativistic limit, spin-orbit coupling is represented by ( )Ep
cm
e ~~.
4 22
×σh , where ( )Ep ~~× can be 
treated as an effective magnetic field (Be) in k-space “seen” by the spin of a particle in its rest 
frame, p is the momentum of electron, σ are the Pauli matrices. The particle’s spin vector would 
thus precess about this effective magnetic field according to ( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
×− ∫Δ+ tt
t
Ep dtnn
wi ˆˆ.
2
exp σ , where 
( )Ep nn ˆˆ ×  is along Be, meBw e=  is the precession frequency, and 22
~~
cgm
Exp
Be =  is obtained by 
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inspecting ( )Ep
cm
eB
m
eg
e
~~.
4
~.
4 22
×= σσ hh .   Figure 1(a) shows the 2DEG system which is usually 
realized in transistor heterostructure comprising multilayers of III-V semiconductor materials. 
Figure 1(b) shows that the precession of the spin vector about Be traces a surface that defines a 
cone where the spin component projected onto the cone’s base rotates about Be.   
 
A vector calculus manipulation would then lead to a phase factor: 
( ) ⎥⎥⎦
⎤
⎢⎢⎣
⎡
×= ∫Δ+ rr
r
rdE
gmc
ieU ~.~
2
exp 2 σ
h
h ,                                                (2) 
where )()( tUdtt ψψ =+ , jdyidxrd ˆˆ~ += . The spinor of the electron would thus transform locally 
according to Eq. (2).  This would be equivalent to a picture in which the precession of the spin 
vector in a spin orbital system leads to a phase factor whose phase has determinant 1 and 
consists of the SU(2) gauge group generators. Therefore, the Schroedinger-field Lagrangian of 
the system ( ) ( )( ) ψψψψψψ μμ +++ −∂∂−∂= ViL 210  (note that V=qE.r of the spin orbit system) 
would now be not an invariant under a local gauge transformation of ψψψ U=→ ' , for the 
second term transforms as ( )( ) ( )( ) ( ) ( )( ) ( ) ( )ψψψψψψψψ μμμμμμμμ UUUU ∂∂+∂∂+∂∂→∂∂ ++++++ . 
Fig.1. (a) Schematic illustration of a 2DEG condensed matter system with structural inversion 
asymmetry, resulting in Ez fields, hence spin orbital effect.  (b) Precession of spin vector about the 
effective field Be due to spin orbit coupling.  
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To preserve L invariance under this transformation, it is necessary to replace μ∂  by the covariant 
derivative of μμμ σ AieD ~.h−∂= , and apply the transformation rule for μA
~
 such that: 
                        ⎟⎠
⎞⎜⎝
⎛ −∂=⎟⎠
⎞⎜⎝
⎛ −∂→ ψσψσψ μμμμμ )~.(~. AieUUAieD tr hh ,                              (3) 
                     ++++ ⎟⎠
⎞⎜⎝
⎛ −∂=⎟⎠
⎞⎜⎝
⎛ −∂→ UAieUAieD tr ψσψσψ μμμμμ )~.(~. hh .                          (4) 
 
To obtain an approximate expression for the spin gauge field, it is sufficient to apply the 
infinitesimal transformation rule of ( )⎟⎠⎞⎜⎝⎛ ×+∂−→ μμμμ λλσσ AeAA ~~2~~.~. h  which can be deduced to 
provide an invariant Lagrangian, where ⎥⎦
⎤⎢⎣
⎡= λσ ~.exp h
ieU  is the phase factor 
and ∫ ×= Erdgmc ~~2~ 2hλ  is the local phase.  The spin gauge field under precession could be found 
by inspecting the covariant derivatives of (3) and (4) and letting μA
~
 vanish. Note that μA
~
 had 
been introduced for generality, such that a tranformation could be invoked.  It can be removed 
after transformation since we presume it to be the vector field of gauge particles which have not 
been known to exist, especially in low energy limit.  Explicit derivation shows 
that ( ) ( )Erd
gmc
~~.
2
~. 2 ×∂=∂ ∫μμ σλσ h . Noting that νμνμ δ nr ˆ~ =∂ , the expression for the spin gauge 
field is: 
( ) ( ) μμμ σλσσ nEgmcASpin ˆ.~2~.~. 2 ×=∂= h ,                                       (5) 
which is an approximation under precession.  Since Eq. (5) is not an exact form, investigating its 
non-vanishing curvature is meaningless. In fact, applying the finite transformation gives rise 
to ( )( )++ ∂+→ UUUAUA μμμ σσ ~.~. .  This can be proven by using the identity 
( ) ( )ψψ μμμμμ +++ ∂++∂=+∂ UUUUAUAU  which goes to show that the following 
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( ) ( )ψψ μμμμμ AUUUUUUA +∂=∂++∂ ++ satisfies Eq. (3).  The curvature of UU μ∂ vanishes 
following established convention for any pure gauge.  This leads us to surmise that under the 
condition where electron spin precesses about Be, the resulting spin gauge field has no effect on 
the spin particle motion.  To investigate possible conditions under which the spin gauge field 
might have effects on the spin particle motion, we will need to examine the finitely-transformed 
term in the expanded form:  
( ) ( )( ) ( )( )
( )( )( ) ( )( )........1
....~.~~.~1....~.~~.~1. 22
+++−−−=
−++∂−−−=∂ +
μνμκκνμννκνν
μμ
κδνδδκνν
σ
aaaaaa
rarararaUU
                           (6) 
 where ( )σ×= E
gmc
a ~
2
~
2
h
. κν ,  can be interpreted as the precessional angular amplitude as Eq. 
(2) shows that such amplitude is proportional to the distance traveled by the spin particle.  In the 
limit of 0, →κν which will be interpreted here as the condition where spin precession is 
disallowed, Eq. (6) is reduced to  
( ) μμνν σδ nE
gmc
a ˆ.~
2 2
×= h                                              (7) 
which is thus an exact form under no precession. It is worth noting that by contrast spin 
precession with spin orbital effects would consitute a local gauge transformation which results in 
a pure gauge of ( )+∂ UU μ . Under the condition where precession is disallowed, the exact finite 
form can be derived in Eq. (7) which happens to be identical to the approximation form where 
precession is allowed. The curvature of Eq. (7) would provide useful insights to spin particle 
motion in a spin orbital condensed matter system.  The entire description that leads to Eq. (5) 
and (7) are the main results of this paper which essentially illustrates the precession of spin 
vector about the Dirac effective field (Fig.1 (b)) as constituting a local transformation of the 
electron wavefunction. The SU(2) transformation rule which needs to be invoked in order to 
ensure covariance generates the SU(2) gauge field of Eq. (5).  When precession is disallowed, 
the spin gauge field becomes “forceful” and hence has important implication to spin-current 
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distribution in spintronic system.  In fact, it can be linked to many interesting spintronic 
phenomena particularly those pertaining to electron and spin motion eg. spin Hall, spin torque, 
anomalous Hall.  
    We will now investigate the effects of the spin gauge field on electron motion in the 2DEG 
condensed matter system of Fig.1 (a).  Since the momentum conjugate to ψ is ( ) +=∂
∂ ψψ iD
L
0
, 
Legendre transformation gives the Hamiltonian density ( )( ) ψψψψ μμ ++ +=Η VDD21 . The many body 
Hamiltonian μψψ μ dVDH ∫ ⎟⎠⎞⎜⎝⎛ +−= + 221  will then be analyzed in its single-electron form:  
( ) rEeaE
gmc
ep
m
H ~.~ˆ.~
22
1
2
2
+⎟⎟⎠
⎞
⎜⎜⎝
⎛ ×−= μμ σh                                           (8) 
where ( ) ( )σσ ×=×= EGE
gmc
Ar
~~
2
~
2
h
, G is a time constant. Hence, we construct another type of 
effective magnetic field (not Be of Fig.1.) by taking the curvature of the SU (2) gauge of Eq. (5), 
which recalls rrrr AA
ieAF ~~~~ ×−×∇= h . The force experienced by an electron in the spin orbital 
system can be derived by invoking the classical rule for electromagnetic force of 
⎟⎠
⎞⎜⎝
⎛ ×−×∇×= rrr AAieAm
pef ~~~
~~
h .  The first term on the right-hand-side can be expressed as: 
( ) ( )( )rr ApApmef ~.~~.~~1 ∇−∇= .                                           (9) 
This term is irrelevant so long as the E~  field is not uniform, which is assumed in this case to 
simplifiy analysis.  The second term is ( ) ( )[ ]σσ ××××⎟⎟⎠
⎞
⎜⎜⎝
⎛ −= EEp
m
Gief ~~~
~ 22
2 h . Using the 
relation ( ) ( ) ( )CBACABCBA .. −=×× , where A, B and C are vectors, the assignment rules we 
defined to be ( ) AE →×σ~ , BE →~ , and C→σ , and the non-commutative spin algebra of 
σσσ i2=× , it can be obtained that ( ) EpE
m
Gef ~~~.2
~ 22
2 ×⎟⎟⎠
⎞
⎜⎜⎝
⎛= σh , which is similar in form to the spin-
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transverse force described in [20,21]. By defining the assignment rules 
differently: Ap →~ , CBAr ,~ → ,  2~f  can be expressed in compact form of: 
 ( ) ( )( ) [ ]rrrrrr ApAmieAApApAmief ~.~,~~~.~~.~~~
22
2 hh
−=−−= .                            (10) 
Noting that ( )σ×= E
m
GAr
~~
, ( )EpGAp r ~~.~.~ ×= σ , expanding Eq. (10) (not shown here) would lead 
rather tediously to the explicit 2
~f .  Both Eqs. (9) and (10) will now be shown to be obtainable 
with the Heisenberg algebra in the quantum picture of anomalous velocity.  The anomalous 
velocity interpretation of particle motion under the influence of spin orbit coupling has been 
described in previous works [22-24].   Anomalous velocity in spin orbital system can be deduced 
from [ ]Hr
i
v ,~1~ h=  or p
Hv ~
~
∂
∂= , both yield the velocity operator of rAm
e
m
pv ~
~~ −= .   However, 
lacking a formal approach, the physical interpretation for rAm
e ~
is unclear.   We will now rewrite 
the Hamiltonian of Eq. (6) in a re-arranged form 
of ( ) ( ) ( )( )σσσ ××+⎟⎠⎞⎜⎝⎛ +×+= EEmeGrpmGEeHH ~.~2~~2.~
2
0 , where 0H  is the kinetic energy and neglect 
the high order term of
( ) ( )( )σσ ×× EE
m
eG ~.~
2
2
.  In this form, we define ( )pGAk ~~ ×= σ , which has the 
unit of length and has been interpreted as the k-space gauge field of the spin orbital system. In 
this way, the coordinates derive their non-commutativity from the k-space gauge field.  Curvature 
of this k-space gauge field can be taken according to kkkk AAiAF
~~~~ ×−×∇= , such expression is 
reminiscent of its real space counterpart described earlier.  Expanding ( )p
m
GA kk ~
~ ××∇=×∇ σ  
leads to ( ) ( )( )pp
m
G ~.~. ∇−∇ σσ .  Careful inspection shows that: 
 σσσ μμ
ν
νν
ν m
Gak
k
k
km
GAk
hh 2ˆ~ =⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂=×∇                     (11) 
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Similarly, ( ) ( )pp
m
GAA kk
~~~~
2
×××⎟⎠
⎞⎜⎝
⎛=× σσ .  Using the same relation and assignment rules that 
were applied to 2
~f , it can be shown that: 
( )pp
m
GAA kk
~~.~~
2
σ⎟⎠
⎞⎜⎝
⎛−=×                                       (12) 
Combining Eq. (9) and (10) leads to  
( )pp
m
Gi
m
GFk
~~.2~
2
σσ ⎟⎠
⎞⎜⎝
⎛+= h                                  (13) 
which could be taken to mean the electromagnetic fields in the k space.  Based on the Karplus 
method, the velocity expression which is kFdt
pd
m
pv ~
~1~ ×−= h  would result in  
( )σ×−= E
m
Ge
m
pv ~2
~
                                           (14) 
where the second term can be formally interpreted as the anomalous velocity.  It is interesting to 
note that the anoamlous velocity term is identical to the SU (2) gauge field in coordinate space 
i.e. Eq. (5).   
 
    Classical analysis which yielded 1
~f  and 2
~f  has given clear physical insights into the effect of 
spin gauge field on electron motion.  Again lacking a formal analysis, the accuracy of 1
~f  and 2
~f  
could be doubtful.  We will now show that using the formal analysis indeed the classical 
description has given an accurate description of electron motion.  Applying the Heisenberg 
operator algebra of
dt
Ade
dt
pd
dt
vdmf r
~~~~ −== , force is found to be: 
                          [ ] [ ] ⎟⎟⎠⎞⎜⎜⎝⎛ ×∂∂+∂∂×++∂∂+= EttEeGHAietpHpif r ~
~
,~
~
,~1
~ σσhh ,                   (15) 
where [ ]
t
pHp
i
f ∂
∂+=
~
,~1
~
1 h and [ ] ⎟⎟⎠⎞⎜⎜⎝⎛ ×∂∂+∂∂×+= EttEeGHAief r ~
~
,~
~
2
σσh .  Refering to the Hamiltonian 
of Eq. (8), it can thus be deduced that [ ] [ ] [ ] [ ]( )rr ApprEepApepHpif ~.~,~~.~,~~.~,~,~1~ 01 =++= h . Note 
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that [ ] 0,~ 0 =Hp , and [ ] [ ] EeaeErpeErEep iivvvv ~ˆ,~~.~,~ === δ .  Thus ignoring particle acceleration due 
to the E field, 1
~f  is the same as Eq. (9).  Similarly, [ ]rr ApAmief ~.~,~~ 22 h−=  matches Eq. (10).  Since 
1
~f  and 2
~f give physical insights into spin motion in spintronic system with spin orbital effects, it 
is natural to suppose that this theory explains spin Hall, spin torque, anomalous Hall which has 
had plenty of experimental supports [25,26]. However exact quantification of these effects would 
call for proper conductivity physics eg. the Boltzman based spin drift diffusion, or the microscopic 
Kubo formalism.  More complicated spin motion can be deduced based on the approach in this 
paper eg. in the presence of magnetic fields or spatially varying electric fields.   
 
In summary, we have described formally the precession of spin vector about the Dirac effective 
field in condensed matter spintronic system with spin orbital effects as a form of local 
transformation of the electron spinor.  Invoking the gauge transformation rule to ensure 
covariance results in SU(2) gauge fields which have been linked to many spintronic phenomena. 
We have therefore developed a theoretical footing for spin gauge field in spin orbital system 
compatible with the SU (2) Yang-Mill isotopic spin rotation as well as the SU (3) QCD.  We 
derived the spin gauge field under precession in an approximation form and that under no 
precession in an exact form.  The effects of spin gauge field on spin particle motion have also 
been shown to be consistent in both classical and quantum pictures, supporting its accuracy as 
the underpinning theory for important effects in anomalous Hall, spin Hall, spin torque, optical 
Magnus, geometric quantum computation.  
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